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Examples of amorphous materials

Covalent glasses:
a-Si, silica… 

Metallic glasses:
Zr-Ti-Cu-Ni-Be, Mg-Cu-Y, 
Fe-B…

Polymeric glasses:
PMMA,PC, PS…
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Metallic glasses, Vitreloy

Disordered dense assemblies:
Foams, cells,… Granular media Colloïds

Colloids: 2 micron diameters
3D confocal microscopy.

E.R. Weeks (2006)
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L. Berthier (2010)



Classical Simulations on different systems
The crucial choice of the empirical interactions

Examples:
Lennard-Jones Glasses Amorphous « silicon » Silica glass
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N = 3 000 to 192 000 atoms
L = 36 to 143 Å
ρ= 2.2 to 3  g/cm3

N = 32 768 atoms
L = 84.8 Å
ρ = 2.4 g/cm3

N = 100 to 400 000 particles
L:      10 a to   630 a (2D)

5 a to     74 a (3D)
ρ:     0.87 to 1.4    
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Example: Elasto-Plastic Mechanical Response
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Elastic Moduli:

Very high Elastic Limit:
Specific Mechanical
Properties:

Eamorphous ≈ Ecrist. / 1.3 < Ecrist

Strain Localization
along shear bands:
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« Anormalous » density of Low ω Vibration Modes:

Boson Peak
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High Heat Capacity:

(density of vibrations)

dTCQ v.=δ

Raman Specra of a-SiO2 
by C. Masciovecchio et al.(1999)
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Low Thermal 
Conductivity:

(mean free path)

dx/dT.
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Macroscopic and Microscopic description 
of the Elastic Behaviour:

Classical Theory of Elasticity: Atomic Scale Description:

....::
2

1
:E 0 ++= εεεσδ C

kl

lk

ijklij

ij

ij C
E

εσ
ε

σ .       tensor stress
,

0 ∑+≈
∂
∂

≡















∂

∂
+

∂
∂

≡
α

β

β

α
αβε

x

u

x

u

2

1
sor  strain ten linearized

{ }( ) ...),,(E)(EE
),,(

ijk

),(

ij ++= ∑∑ ikjkij

kji

ij

ji

ij rrrrr

2-body interactions
(Cauchy model)
Ex. Lennard-Jones

Foams 3-body inter.

Hoole’s Law: 21 Elastic Moduli Cαβγδ

in the most general 3D case.
2 Elastic Moduli in the isotropic case:

Equations of motion:
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Foams
BKS model for Silica

3-body inter.
Ex. Silicon

Displacements

Equations of motion on the particles:



Molecular Dynamics Simulations:

E=cste in the Micromechanical ensemble (isolated system. No damping): 

T=cste in the Canonical ensemble:
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Different choices of Thermostats:
Langevin: with <κ(t).κ(t’)>=cste.2ΓkBT.δ(t-t’)

Andersen: prob. of collision ν∆t, Maxwell-Boltzman velocity distr. 

Nosé-Hoover:

Simple Rescaling:
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Microscopic determination of different physical quantities:

-Density profile, pair distribution function

-Velocity profile

-Diffusion constant-Diffusion constant

-Stress tensor (Irwin-Kirkwood, Goldenberg-Goldhirsch)

-Pressure Barostat

-Strain
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C1, N=2000
C2, N=2000
C3, N=2000
C1, N=10000
C2, N=10000
C3, N=10000
C1, N=40000
C2, N=40000
C3, N=40000

2λ+2µ

2µ
~ 1/w

2D Lennard-Jones glass

Length Scales:

Linear ElasticityCoarse
Graining

a

Elastic Moduli:

1 10 100
w

0
2D Lennard-Jones glass

Isotropic
Elasticity

M. Tsamados et al. EPJE (2009)
Eigenfrequencies:

or λ
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ω       ω       ω       ω       ωωωωth for λ>20λ>20λ>20λ>20a ~ 2 nm

Box Size L> 2 nm

A. Tanguy et al. PRE (2002)
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F. Léonforte et al  (2004)
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Time Scales:

Length scales aij ≈ 10 Å
Masses mi≈10-25 kg
Energy εij≈ 1 eV ≈ 2.10-19J ≈ kBTm

Time scale or

N=106 particles, Box size L=100σ ≈ 10 nm for a mass density ρ=1.
3.N.N ≈108 operations at each « time » step.
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3.N.Nneig≈108 operations at each « time » step.

Time step ∆t = 0.01τ ≈ 10-14 s
106 MD steps ≈ 10-8 s = 10 ns or      106x10-4=100% shear strain in quasi-static simulations 

Quench rate  ~ 1000 °K/ 10 ns = 1011 °K/s >> 106 °K/s



Thermal Regimes:

Athermal Limit
M. Tsamados et al. (2010)

Typical Relative displacement
due to the external strain

larger than

Typical vibration of the atom
due to thermal activation
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Efficient Damping
F. Varnik et al. (2008)

Time needed to dissipate heat created

smaller than

Time needed to generate kBT
by plastic activation
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Athermal Regime: 2D Lennard Jones T=10-7

at constant Strain Rate and Temperature
M. Tsamados (2010)

Competition between nucleation and diffusion

Low strain rate
Progressive Diffusion of Local Rearrangements
Finite Size Effects

Large  strain rate
Nucleation of Local Rearrangements

410−=γ& 310−=γ&



Visco-Plastic Behaviour:

Non-Uniform Temperature Profile and viscosity
Efficient damping regime - F. Varnik (2008)

Non uniform T



At each step, apply a small strain δε (L) ≈ 10-4 on the boundary,

Energy Minimization
quasi-static simulations in the athermal limit:

At each step, apply a small strain δε (L) ≈ 10 on the boundary,
and Relax the system to a local minimum of the Total Potential Energy V({ri}).
Dissipation is assumed to be total during δε.
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MD versus Energy MInimization
in the athermal limit:

At T=10-8 (rescaling of the transverse velocity vy et each step)

M. Tsamados
(2010)
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A. Tanguy et coll. Phys. Rev. B (2002), J.P. Wittmer et coll. Europhys. Lett. (2002), A. Tanguy et coll. App. Surf. Sc. (2004)
F. Léonforte et coll. Phys. Rev. B (2004), F. Léonforte et coll. Phys. Rev. B (2005), F. Léonforte et coll. Phys. Rev. Lett. (2006),

A. Tanguy et coll. (2006), C. Goldenberg et coll. (2007), M. Tsamados et coll. (2008), M. Talati et coll. (2009). 

Atomic displacements:

2D Lennard-Jones Glass

The Stress-Strain behaviour in the QS limit:

Non-affine reversible
displacements (x103)

Local shear
irreversible
(x40)
quadrupolar event

Elementary
Shear band

(x0.4)



Silica-like glass

BKS Potential. P0=0 Gpa. N=24 000 atoms. L=71.66 Å

µ= 35 GPa
B. Mantisi et al. (2011)

A. Carré et al. (2007)
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 +Σ+−Σ= γγθλ

C. Fusco et al. (2010)C. Fusco et al. (2010)



Effect of 
the three body interaction λλλλ:

Effect of 
the quenching rate (structure):

Transition to strain softening, and heterogeneous flow.



Quasi-Static Response of Silica Glass 
under Hydrostatic Pressure

P

Load ≠ Unloading
Irreversible densification from P ≈ 13 GPa

Exp

B~75 GPa

T. Deschamps (2009)

MD

B. Mantisi (2010)



Mesoscopic Modelling:

Local rules and Long-range elastic Couplings

Ex. Roux et al. (2000)
Picard et al. (2002)
Dahmen et al. (2005)

Local Plastic Threshold
+
Long-range Elastic interactions

D. Vandembroucq et al. 
(2011)



II. Statistical Analysis
local dynamics
correlated motioncorrelated motion
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External Driving allows to recover a Diffusive Motion.

Tanguy et al. (2006), Besseling, Weeks et al. (2006), O. Dauchot et al. (2005), Roux et al. (2002)
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elastic

plastic

A. Lemaitre and C. Caroli (2007)



Correlated Motion:
Ex. Dynamical Heterogeneities for T > Tg:

T=2 T=0.6 T=0.45 ~ TgLJ



4-point correlation function χχχχ4(t) on the local density:
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Dynamical Heterogeneities upon Mechanical load at T<<Tg
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Dynamical Heterogeneities:

410.5 −=γ&

b c



A: γ=10-3

A
B

C

B: γ=10-4 C: γ=10-5



III. Computation of Mechanical Quantities
stress, strain, Elastic Moduli
identification of plastic rearrangementsidentification of plastic rearrangements



Calculation of local elastic moduli from
coarse-grained (continuous) fields:

withdisplcts

stress

2D case:

6 unknowns Cαβγδ obtained through 3 independent sollicitations (9 eq.)



C1 ~ 2 µ1 C2 ~ 2 µ2 C3 ~ 2 (λ+µ)

Maps of local elastic moduli:

a2D Jennard-Jones N = 216 225 L = 483 a
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M. Tsamados et al. EPJE (2009)

Error:
measured

measuredcomputed

σσσσ

σσσσσσσσ −
=∆

1%

r < 5 a



Modulus C1(W=5a) during plastic deformation:

W=5a

Evolution of the Elastic Moduli during plastic deformation:

slow

1C

Splitting of the system into rigids (           ) and softs zones (           ).11 CC > 11 CC <

fast



White:
Black: 11 CC >

11 CC <

Shear Banding as a Percolation of Soft Zones:

The proportion of
soft zones evolves

in parallel
with the total stress.

Percolation before
Shear Bands

M. Tsamados et al. 
EPJE (2009)



Local event:

Shear Modulus Plastic rearrangt

Elementary shear band:

A. Tanguy and B. Mantisi EPL (2010)

Percolation
before

Shear BandsShear Modulus



Other order parameters:
Modulus C1 Shear stress σxy

Mass density: Coordination number:

The lowest Local modulus C1 allows to anticipate plastic activity.



C1 ~ 2 µ1 C2 ~ 2 µ2 C3 ~ 2 (λ+µ)

Vibrational Properties:
The role of Local Elastic Moduli ?

C1 ~ 2 µ1 C2 ~ 2 µ2 C3 ~ 2 (λ+µ)
Verre modèle de LJ   N=216 225   L=483

4 possibilities:
- Coherent propagation 
- Low scattering (Rayleigh)
- Strong scattering
- Localisation (Ioffe-Regel)
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Density of vibrational states:Moduli
and Eigenfrequencies:

C1

Exact Diagonalization of the Dynamical Matrix:

2D Lennard-Jones system,
Boson Peak

A. Tanguy (2002) S. Mossa (2008) B. Mantisi (2010)

or λ
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Projection of the vibration modes on the plane waves:

~1/λ2

Rayleigh scattering
ξ~25 a

for w < wBP

~1/λ2

B. Mantisi (2010)

(a) (c)



Proximity to a Plastic Rearrangement:
Localization at low frequency

Vibration Modes,
Close to a Plastic Rearrangement?

Stress-Strain Behaviour
2µ2µ2µ2µ



εεεε

Eigenfrequenciess:

Local Shear Modulus

Tanguy,
Tsamados
(2007,2008)
Lemaître (2004)

εεεε
Localized vibration mode:Plastic Rearrangement:

Localization on Soft zone
of Low Frequency vibration

Just before
a plastic rearrangement.

Local Shear Modulus



Local event: Elementary shear band:

Vibration modes: Vibration modes:

A single localized mode Superposition 
of localized modes



Identification of Plastic Rearrangements
Determination of the size of the Plastic Events:

Size of the basins in the Local Plastic Energy Function



Example of « a-silicon »



&

ν
0.389
0.365
0.347
0.331

Strong dependence of the size of the plastic events on λ.
Analogy with dislocation’s width in crystals.

A6.1b & ≈
0.331
0.318
0.273



Role of Local Coordination Defects:

4-fold

The type and
the number of
defects depends
strongly on λλλλ.

3-fold

5-fold



Strong

Connection between plastic events and defects:
as a function of the 3-body interaction λ

No connection

Strong
connection

The connection to the local coordination defects
depends on the strength of the 3-body interaction

C. Fusco et al. (2010)



Conclusion

Universal phenomenology of plasticity in glasses:
Quadrupolar Events and Shear Bands ~nm scale

The Local Bound Directionality affects:
The Width of the Plastic Event (Peierls Stress)

The number, the type of coordination defects and their evolution upon external strain
The connection between plastic events and Local coordination defects

Competition between shear and densification in Silica-like Glasses: 

Length Scales ~ 3 nm
Time Scales ~ 10 ns   or   Quasi-Static athermal simulations
Role and description of the Temperature?   Athermal regime?

The Dynamical Evolution of the Local Elastic Moduli is directly connected
to the plastic Behaviour in Lennard-Jones systems. 

Its heterogeneity gives rise to low scattering of acoustic waves at low frequencies.
The dynamical evolution of the Elastic Moduli is related to a significative change 

of the very low frequency Acoustic Modes close to a plastic rearrangement.

Competition between shear and densification in Silica-like Glasses: 
The pressure hardening favors a more homogeneous atomistic response


